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ABSTRACT 


We consider Einstein gravities coupled to a cosmological constant and 517(2) Yang- 
Mills fields in four and five dimensions. We find that the theories admit colored Lifshitz 
solutions with dynamic exponents z > 1. We study the wave equations of the 517(2) 
scalar triplet in the bulk, and find that the vacuum color modifies the scaling dimensions 
of the dual operators. We also introduce a Maxwell field and construct exact solutions of 
electrically-charged black holes that asymptote to the D = 4, z = 3 and D = 5, z = 4 
colored Lifshitz spacetimes. We derive the thermodynamical first law for general colored 
and charged Lifshitz black holes. 
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1 Introduction 


Yang-Mills fields are responsible for two of the four known fundamental interactions in 
nature. Their back reactions to the spacetime geometry are much less understood than 
that of a Maxwell field. Particle-like static solutions carrying Yang-Mills charges were 
studied in [Ij. Through numerical analysis, it was demonstrated [2j that colored black 
holes supported by SU(2) Yang-Mills fields do exist, although they do not carry any global 
Yang-Mills charges. The situation becomes better when the theory involves a cosmological 
constant. Asymptotic anti-de Sitter (AdS) black holes with global Yang-Mills charges have 
been shown to exist by numerical analysis [sm Few examples of exact black holes are 
known except for those supersymmetric ones constructed in supergravities [5-9]. Recently, 
some exact S'17(2)-colored and charged black holes were obtained in conformal gravity [TO] . 
where the thermodynamical first law of AdS black holes carrying the global Yang-Mills 
charges were also derived. 

In this paper, we consider four and five-dimensional Einstein gravities with a cosmolog¬ 
ical constant minimally coupled to the SU (2) Yang-Mills fields. We find that the theories 
admit colored Lifshitz vacua with the scaling exponents z > 1. The Lifshitz solutions are 
the generalizations of the AdS spacetime, with the metric ECU 



It is homogeneous but not Einstein, and is invariant under the scaling r —» rj A, provided 
that 

t —y A t , Xi —y \xi . (2) 

It reduces to AdS when z = 1. These backgrounds were proposed m as gravity duals 
of condensed matter systems that exhibit critical behavior of different dynamic scalings 
between temporal and spatial directions in fixed points. Although the theory 033 proposed 
for the Lifshitz backgrounds appeared to be ad hoc, the vacua were subsequently found in a 
variety of theories, including strings and M-theory, as well as some further ad hoc theories 
[10-42], Many examples of Lifshitz black holes have also been found [26-42], 

We find it is rather intriguing that Lifshitz spacetimes themselves can be colored in 
Einstein-Yang-Mills gravity. Furthermore, we find that introducing a Maxwell field allows 
us to construct some exact charged black holes in the colored Lifshitz backgrounds. The 
paper is organized as follows. In section 2, we present the theories and derive the equations 
of motion. In section 3, we construct S’C/(2)-colored Lifshitz spacetimes and study the 
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Green’s function of operators dual to an SJJ{2) scalar triplet in the bulk. In section 4, 
we construct exact charged black holes in the D = 4, z = 3 and D = 5, z = 4 Lifshitz 
spacetimes. In section 5, we derive the thermodynamical first law of our general black holes 
and show that the Yang-Mills hair do not contribute to the first law. In section 6 , we embed 
the D = 4 theory in gauged supergravity that can be lifted to D = 11. We conclude the 
paper in section 7. 


2 The theory and equations of motion 


We start with D-dimensional Einstein gravity with a cosmological constant minimally cou¬ 
pled to SU{2) Yang-Mills fields A“ (a = 1,2,3) and Maxwell field A p . The Lagrangian 
is 


C D = y/=g[ R - 2A - ^F;F a ^ - ) . 


The Yang-Mills and Maxwell field strengths are defined as 

pa _o A a — f) A a 4- e abc A b A c 
r fll/ ~ U LL J± v e , 

The full set of covariant equations of motion are: 


•Fuu — d^Av d v A p ■ 


( 3 ) 


( 4 ) 


Rfiu — D _2 + ^(7 F[ipF ua 2( D—2) ^ 9nv) + 9 p 2(D—2) 9p,u j 


VnF afJ,u + e ^c A b F c ^ = o , 


A 4 


= 0 . 


( 5 ) 


In this paper, we focus on D = 4, 5 only and consider a class of solutions whose metrics 
take the form 


dr 2 

ds 2 = — h(r)dt 2 + —— + r 2 dxidxi , 

f(r) 


( 6 ) 


where *=1,2 for D = 4 and i = 1,2,3 for D = 5. The Ansatz for the Maxwell field 


is electric, i.e. A = <f>(r)dt. The Maxwell equation implies that (j)' = d-i y/h/f . In this 
paper, a prime denotes a derivative with respect to r. The Ansatz for the SU (2) Yang-Mills 
fields in D = 5 is given by 

3 

A = Y^ T a A a = ii(r)(T l dx i + r 2 dx 2 + r 3 dx 3 ) , (7) 

a =1 

where r a are the Pauli matrices. The Ansatz for D = 4 is given by simply dropping the 
dx 3 term in the above, which implies A 3 = 0 . 

Substituting the full Ansatze into ([5)1. we find that the full set of equations of motion 
are now reduced to three independent differential equations 

„ (h! /' D- 4\ „ ib 3 f h! 2^' 2 

* + (.2h + 2f + —^~ V "^7“ ’ 7 ’ 


3 










( 8 ) 


r . ti ( d - 3)^ 4 

I 7 I O Q /» I 


2g 2 


h' h g 2 r 3 f (D — 2)r 2D ~ 5 f {D — 2)/ 
Note that the three equations are valid only for D = 4,5. 


4Ar 2(D - 3) 

+ t^—+ --- = 0 . 


3 Colored Lifshitz vacua 


The self-interaction of the Yang-Mills fields allows us to find a class of Lifshitz vacua with 
a generic exponent z > 1 : 


7 n 2 2z r r I Z + D 3 

h = lr ■ S = P' = W r ’ 


= 0 , 


with 


(D — 2)(z 2 + (D — 2)z + (D — 1)) 2 z + D- 3 

? 9 S 


(9) 


( 10 ) 


U 2 ’ (D-3)(z-l)£ 2 

Note again that the solutions are valid for D = 4, 5 only. The D = 4 solution was obtained 
in [33]. 

Since it is rather unusual to have a colored vacuum, we would like to study the effect of 
its color on the boundary field theory. After performing the scaling Xi —» £xi, the solutions 
take the form 

ds 2 = i 2 ^ — r 2z dt 2 + ~ 2 ~ + r 2 (dx\ + dx\ + dx\) j , 

A = pr (r 1 dxi + r 2 dx 2 + r 3 dx 3 ), p = ^ 


_ I z+D —3 

D-3 ' 


(ID 


For D = 4, we simply drop the dx 3 terms everywhere. (Note that p is independent of l 
owing to the scaling of x+) It is clear that a minimally-coupled massive scalar is colorblind. 
We consider instead a minimally-coupled scalar triplet under the SU( 2 ), namely 


£</> = v /= <?( - \D ll <j> a D ,l (j> a - lm 2 ff) , 
where D„<j) a = d „</>“ + e abc A b <f> c . The covariant equations are 


1 


:D,(^ff)/)-m^“ = 0. 


We hnd that the scalar equations can be solved using the Ansatz 


<f> a (r, t, x i ) = k a p(r)e~ iult+i{klXl+k2X2+k3X3) 


where p satisfies 


w z -\- D — 1 / 

p" +- ip' + 


u 


r 2z+2 


e 

*■4 


m 


2 f 2 

eff* 


p = 0, 


( 12 ) 


(13) 


(14) 


(15) 
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where k 2 = kiki and m 2 ff = m 2 + (D — 3 )p 2 /l 2 . (There is no k 3 for D = 4.) Interestingly 
the magnetic Yang-Mills configuration (11111 contributes a positive constant shift to the mass 
square of the scalar triplet. 

In the asymptotic r — >• 00 limit, the (uj, k) terms are both subdominant, and we have: 

+ A± = \(z + D-2)±v, (16) 


where v = (z + D — 2 ) 2 + 4 m 2 s £ 2 . In standard quantization, the vev of the dual bound¬ 
ary operator is defined by (O+) = B , which is a normalizable mode of scaling dimension 
A+. The two-point function can be derived as Go + = B/A. Thus for the operators to have 
real dimensions, we need to impose a Breitenlohner-Freedman (BF)-type bound, namely 

(z + D - 2 ) 2 + 4(D - 3)p 2 


2 ^ 2 

m > m BF , 


with 


m BF ~ 


U 2 


(17) 


The color parameter p of the vacuum makes the BF bound more negative. For the mass 
range in 0 < m 2 — m 2 BF < l/^ 2 , the mode A is also normalizable, in which case, one may 
also work in the alternative quantization with (0_) = A, and Go_ = A/B. 

In the following, we shall work in standard quantization. For vanishing uj, the equation 
(16) can be analytically solved in terms of a Bessel function ip = r ~~2 K u (k/r). Taking 
the boundary limit, we find 


k~ v T(v) ( k v T(-v) 
2i— v r A- 2^+ u r^+ 


(18) 


The Green’s function for uj = 0 can be immediately read off. Analogously, we can also 
obtain the Green’s function for k = 0. The results are 

G 0 > = o,k) = (ifc) 2 "h=d, o 0 >,fc = o) = grjYlzi!. (19) 

For generic (uj, k), the equation (16) cannot be solved analytically except for the relativistic 
case z = 1 for which the Yang-Mills fields decouple from the vacuum. 


4 Charged black holes in colored Lifshitz spacetimes 

Having obtained the SU (2)-colored Lifshitz vacua in Einstein-Yang-Mills theories in four 
and five dimensions, we would like to construct black holes that are asymptotic to these 
vacua. We first present an exact solution for 2 = 3 in D = 4, given by 

dsl = l 2 ( - r e fdt 2 + + r 2 (dx\ + dx 2 2 f) , / = 1 - , 
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A = 2r(r 1 dx 1 +T 2 dx 2 ), A = (cpo + i 2 qr)dt , g 2 = ^ , A = -—. (20) 

Note that it is straightforward to add a magnetic charge to A. We also obtain an exact 
solution in D = 5 for 2 = 4: 

ds\ = i 2 ( - r 8 fdt 2 + + r 2 (dx\ + dx 2 2 + dx§)) , / = 1 - -jp-, 

1 24 

A = v/3r(r 1 dxi + r 2 dx 2 + r 8 dx 3 ), >4 = (</> 0 + £ 2 qr)dt, g 2 = A = --^. (21) 

In both cases, cp o is a constant which can be viewed as the gauge parameter or simply as 
an integration constant. We shall choose a gauge such that A vanishes on the horizon. The 
solutions describe black holes with event horizons at r = ro > 0 where /(ro) = 0. The 
temperature and entropy are given by 

T = ±{D-2)r°~\ S=\u{lr 0 ) D - 2 . (22) 

where u = f dx\dx 2 for D = 4 and u = j dxidx 2 dxz for D = 5. The electric charge can be 
easily obtained; however, the electric potential 4>, the thermodynamical conjugate to the 
charge, is rather tricky in this case. The usual definition of 4> is the difference of (j) between 
the horizon, which we set zero, and its value at the asymptotic infinity, which is divergent 
for our solutions. This phenomenon was seen already in [53] ■ We shall follow [55] and show 
in the next section that there is still a way to define the first law of thermodynamics for 
these black holes. 

5 The thermodynamics of general colored black holes 

5.1 The structure of a general black hole 

Although we are not able to solve the differential equations (JH]) to obtain the general an¬ 
alytical solutions, we can nevertheless study the structure of the black hole solutions and 
obtain their thermodynamical first law. For a solution to be a black hole, there must be an 
event horizon, which we assume to be located at r = ro > 0. The near horizon geometry 
can be obtained by the Taylor expansions around r = r o: 

h = a 1 (r - r 0 ) + a 2 (r - r 0 ) 2 H-, 

f = h(r- ro) + b 2 (r - r 0 ) 2 4-, 

'ip = co + ci(r - r 0 ) 4- c 2 (r - r 0 ) 2 4-• (23) 

Substituting these into the equations of motion (]5|), we can solve them order-by-order and 
all the coefficients of the Taylor expansions can be expressed in terms of (ro,co,g) and d\. 
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The parameter a\ represents the freedom of arbitrarily scaling the time coordinate. It has 
to be fixed so that the time at asymptotic infinite satisfies the standard convention. Thus 
the general horizon geometry is specified by three non-trivial parameters. 

In order to see whether such a horizon can be integrated out smoothly to infinity, we 
study how the asymptotic structure deviates from the Lifshitz vacua. To do this, we let 

h = r 2z (l + hi ), / = r 2 (l + /i), ^ = pr (1 + Vh) • (24) 


Without loss of generality, we have set t = 1 for simplicity. The functions /ii,/i and i/ji can 
be solved at the linear level, given by 


, , m d-ib- 

h i = X o - + —- 


T 2 


(z+n—< t) |(z+n+<r) 


+ 


C\T 


r >2 n 


h = 


Aim 2 (z — l)ip- 2 (z — l)ip+ c 2 q 2 


r z-\-n 


r ±(z+n-a) 

_ A 2 m 

V’i - it+f + —" + 


r i(z+n+cr) 

V>+ c 3 q 


2 n ’ 


^(z+n-cr) ' 5 (z+n+cr) 

where n = D — 2. For D = 4, we have a 2 = 9z 2 + 4z + 12, and 

z(z+ 2 ) 


2n ’ 


2 (z—l)(z— 2 ±er) 

a± = —-—- - 


Ai — — : 


\ _ z+2 

2 2(z+l)(z 2 +2) 


z+2±cr ’ '' 1 z 2 +2 

{Cl, C 2 , C 3 } — (z—l)(z—2)(z+3) {~~ ~~ 4 ( Z ~ ^)} i 


(25) 


(26) 


for D = 5, we have a = 9z 2 + 14 z + 17, and 


_ 2 (z-l)(z-l±cr) 
“± — z+3±cr 

{ci,c 2 ,c 3 } = 


\ _ z(z+3) 
'^ 1 ~ z 2 +z +2 


a 2 — 


_ z+3 _ 

2 (z+2)(z 2 +z:H-2 ) 


(z-3)(z 2 +4z- 8) l 9 


{U z + 2)(5z - 8),3z - 4, ±(z - 4)} 


(27) 


Thus we see at the linear level, the solutions contain parameters (Ao ,m) associated with 
graviton modes, (^>_,i/>+) associated with Yang-Mills hair and q associated with electric 
charge. The Ao represents the freedom of arbitrarily scaling the time coordinate and hence 
we set Ao = 0 to keep our convention on time. Since z > 1, the "*/>_ terms are all divergent 
asymptotically, and hence must be excluded. This is analogous to colored black holes in 
D = 4 Minkowski spacetime and the exclusion of ?/>_ terms implies the absence of the global 
Yang-Mills charges [2j. We expect that the fine tuning of the horizon parameters to get rid 
of the ij)— terms has the effect that the black hole solutions have two non-trivial parameters, 
the mass and the electric charge. Indeed, the numerical analysis for q = 0 and D = 4 was 
performed in [ 43] . 
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5.2 Thermodynamical first law 


Having analysed the structure of the general colored black hole solutions, we now adopt the 
Wald formalism [46l 147] to derive their thermodynamical first law. The procedure has been 
performed for a variety of Lifshitz black holes in |45| . The advantage of this procedure is 
that one can obtain the first law without knowing an exact solution; the behaviors on the 
horizon and at the asymptotic infinity suffice. The Wald formula, specialized on to static 
black holes for general Proca fields and SU (2) Yang-Mills fields, was derived in |481 flO ] 
respectively. Combining the two results together, we have 


5H 



(28) 


where n = D — 2 and 6 acts on the integration constants of a solution. The first law is 
a consequence of 5H + = SH^. Substituting the near-horizon solution (1231) into (128|) . and 
then taking the limit r ro, we find 


5H+ = T5S , with T = 


Vh'(r 0 )f'(r 0 ) 

4ir 


S = S 


(29) 


Note that a gauge choice 0(r o ) = 0 was made for the above result. Substituting the linear 
solution (125(1 with = 0 into ((28(1 and taking the r —>• oo limit, we find 

’ (z+2)(z 2 +l> 


<^oo = SM - -^0 0 6q , with M = { SSSSSoT,’ 


for 


8-7T 


(z+3)(3z +4 z+2)oj <■ 

l§ix(z+2)(z 2 +z+2) i 1U1 

It follows that the first law of thermodynamics is given by 


D = 4, 
D = 5. 


(30) 


dM = TdS + 4>dQ , (31) 

where 

$ = <£o, Q = x- [ *F = • (32) 

Although the first law was derived from a linear analysis, we expect that it is correct 
for the full non-linear solution. This is because that the first law is bilinear, and hence the 
coefficients in the first law should be determined by the linear analysis already. The absence 
of the contribution of Yang-Mills hair to the first law is understandable since although i/j + 
can survive in a solution, its thermodynamical conjugate has to be eliminated. By 
contrast, colored AdS black holes may have non-vanishing global Yang-Mills charges and 
the first law contain a term P YM dQ YM as well [ TO] , 

As observed previously, the Wald formula simply picks up the 0o> an integration constant 
or pure gauge from the solution. It acquires the interpretation of the potential difference 
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between the horizon and the asymptotic infinity if and only if (j>(r) converges. To conclude, 
the general charged and colored Lifshitz black holes contain two independent parameters, 
the mass M and the electric charge Q. The Yang-Mills hair represented by must be 
some appropriate function of M and Q fixed by the fine tuning on the horizon. 

We can now derive the first law of both exact black holes constructed in section 4. It 
contains only one non-trivial parameter Q. The first law is 

TdS + $dQ = 0 . (33) 

where 4* = <t>o = ~Q r o- Interestingly, charged massless Lifshitz black holes with non¬ 
vanishing temperature and entropy are quite ubiquitous mmmm- 

6 Embedding in gauged supergravity 

In four dimensions, the Einstein-Yang-Mills theory with a cosmological constant can be 
supersymmetrized to become J\T = 2 gauged supergravity. The theory can be lifted to 
eleven-dimensional supergravity [50]. The supersymmetry requires that A and g 2 s be related 
by A = —6< 7 g, implying that the Lifshitz solution has an irrational z = 1 + \/6. 

7 Conclusions 

In this paper, we constructed colored Lifshitz spacetimes with dynamic exponents £ > 1 in 
four and five-dimensional Einstein gravities coupled to a cosmological constant and SU (2) 
Yang-Mills fields. We studied the wave equations of an SU (2) scalar triplet and derived the 
explicit Green’s function of the dual operators for vanishing frequency c v or momentum k. 
We found that the spacetime color increased the scaling dimensions of the dual operators 
by constant shifting the mass square of the scalar triplet in the bulk. 

We also introduced a Maxwell field and constructed exact charged black holes for D = 4, 
z = 3 and D = 5, z = 4. We analysed the structure of the general Lifshitz black holes, 
and showed that they had two non-trivial parameters, the mass M and electric charge Q , 
but with no global Yang-Mills charges. The Yang-Mills hair parameter ip+ is a function of 
M and Q. We derived the first law (1311) of thermodynamics of the black holes and showed 
that the Yang-Mills hair did not modify it. 

The colored Lifshitz vacua and black holes we constructed provide new tantalizing grav¬ 
itational backgrounds for studying some condensed matter physics. 
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